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Abstract
In this paper we present a recursive algorithm for
the Gabor filter that achieves—to within a
multiplicative
constant—the
fastest
possible
implementation. For a signal consisting of N samples,
our implementation requires O(N) multiply-and-add
(MADD) operations. Further, the complexity is
independent of the values of σ and ω in the Gabor kernel
and coefficients of the recursive equation have a simple,
closed-form solution given σ and ω . Our implementation
admits not only a forward Gabor transform from t → ω
but an inverse transform from ω → t that is also O(N)
complexity.

1. Introduction
In two previous papers we developed [1] and refined
[2] a method to implement the convolution of signals
with Gaussian kernels through the use of two recursive
filters of the form:
forward (n increasing):
w[n] = (in[n] − (b1 • w[n − 1] +
(1)
b2 • w[n − 2] + b3 • w[n − 3])) / b0
backward (n decreasing):
out[n] = (B• w[n] − (b1 • out[n + 1]+
b2 • out[n + 2] + b3 • out[n + 3])) / b0

(2)

Note that in this implementation—illustrated in
Figure 1—the forward filter has an infinite impulse
response (IIR) which we can call h[n] and the backward
filter has the infinite impulse response h[–n]. The
concatenation of the two filters as given in equations (1)
and (2) leads to a total filter p[n] = h[n]⊗h[–n] whose
Fourier transforms are related by P(Ω ) = | H(Ω ) |2. In other
words, the resulting filter p[n] is zero-phase which is
exactly what we would require from a convolution with a
“zero-centered” Gaussian kernel.
In this paper we extend this approach from the
Gaussian filter to the Gabor filter to produce a recursive,
IIR filter that achieves the desired result with a minimum
of computational complexity, O(N) multiply-and-add
(MADD) operations for a signal consisting of N samples.
In our first paper [1] we showed that the method of
choosing the coefficients {B, b0, b1, b2, b3} guaranteed
that the resulting Gaussian filters would be stable.
Because our procedure for implementation of the

recursive Gabor filter relies heavily upon the method we
used in the design of the recursive Gaussian filter, we
repeat the salient aspects here.
in[n]

w[n]
Forward
Recursion
eq. 1 (causal)

out[n]
Backward
Recursion
eq. 2 (anti-causal)

Figure 1: Gaussian filter as concatenation of
two recursive filters.

2. Brief Review
Our approach to Gaussian filtering started with a
rational approximation to the Gaussian that is given by
[3, eq.26.2.20]:
2
1
1
g(t) =
e −t 2 =
(3)
2
2π
a0 + a2 t + a4 t4 + a6 t6
where
a0 = 2.490895 a2 = 1.466003
a4 = − 0.024393 a6 = 0.178257

(4)

We treated the approximation not as the Gaussian
impulse response but rather as an approximation to its
Fourier transform. That is, we used the well-known
result:
2 2
2
2 
 1
G(ω) = e − σ ω 2 = F 
e − t 2σ 
(5)
 2π σ

Using q instead of σ and converting to the Laplace
transform using s = jω , gave the rational approximation:
A0
Gq (s) =
(6)
2
2
a0 − (a2 q )s + (a4 q 4 )s4 − (a6 q6 )s6
The 6th order polynomial in the denominator of Gq(s)
has six roots which due to the special structure of the
polynomial—only even powers of s—can be written as
shown in equation (8) where:
m 0 = 1.16680 m1 = 1.10783 m2 = 1.40586 (7)
These three values m = {mo, m1, m2} are central to the
Gabor filter as well. They are solely determined by the
values of a = {a0, a2, a4, a6} and if another choice of a is
made—for example to optimize the Gaussian fit with
another criterion—then the values of m will change as
well.
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Gq (s) =

A0
1
(qs + m0 )(qs + m1 + jm2 )(qs + m1 − jm2 ) (qs − m0 )(qs − m1 − jm2 )(qs − m1 + jm2 )

The expression Gq(s) is then factored into the product
of two terms, Gq(s) = GL (s) • GR(s): GL (s) with poles in
the left-half plane and GR(s) with poles in the right-half
plane. For reasons discussed in [1], we used the backward
difference technique [4] to transform the two, stable,
analog filters characterized by GL (s) and GR(s) into two,
stable, digital filters H+(z) and H–(z). These filters have
z-transforms given by:
1
H+ (z) =
(9)
−1
b0 + b1 z + b2 z −2 + b3 z −3
H− (z) =

b0 + b1

z1

B
+ b2 z2 + b3 z 3

(10)

Equations (9) and (10) are precisely the z-transforms
of equations (1) and (2), respectively. The forward filter,
h[n], corresponds to H+(z) and is stable because all of its
poles are inside the unit circle; the backward filter, h[-n],
corresponds to H–(z) and is stable because all of its poles
are outside the unit circle. The accuracy and speed of this
recursive Gaussian implementation are discussed
extensively in [1].

3. Gabor Filtering
While operators that focus on global information are
essential to describing a variety of physical systems,
operators that focus on local information are essential to
analyzing physical signals. For example, linear, timeinvariant (or shift-invariant) systems are usually analyzed
with Fourier or Laplace transforms which are global
operations. But as the examples in Figure 2 show, the
information in a signal is usually local.

(8)

will be using complex arithmetic in all calculations.
To examine local structures we seek a filter width in
time (or space) that is narrow. To obtain good frequency
resolution we seek a filter width in frequency that is
similarly narrow. The Gaussian envelope in equation (11)
achieves the smallest possible time-bandwidth product and
thus allows us to perform “local” spectral analysis [4],
[5].
A number of authors have examined the possibilities
for fast implementation of the Gabor filter [6], [7], [8].
To our knowledge the fastest algorithms that have been
described are in Qiu [8] and, for a signal consisting of N
samples, the transform (filter) has complexity O(N•logN).

4. The Algorithm
Our implementation is based upon a combination of
our recursive Gaussian implementation plus a wellknown property that relates modulation in the (discrete)
time domain and shifting in the frequency domain. To be
specific if the signal x[n] has Fourier spectrum X(Ω ) then
[4, pp 650-651]:

F {e jΩo n x[n]} = X(e − jΩo z)

(12)

Note that the replacement of z with e − jΩ o z
represents a rotation of angle Ω o around the point z =
(0,0) in the complex z-plane. The direct consequence of
this is that the Gaussian filter pair H+(z) and H–(z)
become the Gabor filter pair B+(z) and B–(z):
B+ (z,Ω o ) = 1

3

∑ (bk e jkΩ o z− k )

(13)

k= 0

B− (z,Ω o ) = B

3

∑ (bk e − jkΩ o z k )

(14)

k= 0

Algebraic manipulation of the various terms using
Mathematica [9] yields the following:
b0 = 1

(a)

(b)

(c)

F i g u r e 2 : ( a ) borehole image of subsurface; (b)
local color and shape information; ( c ) MRI image
revealing (local) anatomical structures.

While there are many approaches to processing
signals in such a way as to examine the local character of
structure, the Gabor filter has a number of elegant
properties that make it highly suitable for this goal. The
one-dimensional Gabor filter is given by:
2
2
1
g( t;σ,ω ) =
e − t 2σ e jω t
(11)
2π σ
It is clear that the Gabor filter is the modulation of
the Gaussian kernel given in equation (3) by the complex
term e jωt . The use of the complex term means that we

2

2

2

scale = (m0 + q)(m1 + m2 + 2m1q + q )

b1 = −q (2m 0m1 + m12 + m22 + (2m0 + 4 m1 )q + 3q2 )/ scale

(15)

b2 = q2 (m0 + 2m1 + 3q) / scale
b3 = − q 3 / scale

The coefficient of each term in zk in equation (14) is
just the complex conjugate of the term in z–k in equation
(13). The five coefficients {b0, b1, b2, b3, scale} are real
and are functions of just four numbers {m0, m1, m2, q}.
The first three numbers are given in equation (7). The last
number q represents the value that must be used in
equations (13) and (14) to achieve a desired standard
deviation σ. Using a formula that is a slight
improvement in speed and accuracy to that presented in
[1], the relationship between q and σ is given by:
σ ≥ 3.556
 0.9804(σ -3.556)+2.5091
q=
2
 0.0561σ +0.5784σ -0.2568 0.5 ≤ σ ≤ 3.556

(16)

For σ < 0.5, the Gaussian envelope in equation (11)
is too narrow, consequently undersampled and, therefore,
to be avoided.
The resulting Gabor recursive equation pair is:
forward (n increasing):
w[n] = in[n]− ( fd1 • w[n −1] +
(17)
fd2 • w[n − 2] + fd3 • w[n − 3])
backward (n decreasing):
out[n] = B• w[n]− (bd1 • out[n + 1]+
bd2 • out[n + 2] + bd3 • out[n + 3])
where:

(

)2

B

= m 0 (m12 + m22 ) / scale

fd1 = bd1*

= b1 • e j Ωo

fd2 =

bd2*

fd3 = bd3*

= b2 • e

(18)

(19)

OUT(z) = B− (z, Ω o )( B+ (z, Ω o )• IN(z) )

(22)

then the inverse transform, IB(z), is simply:
1
IB(z) =
B− (z, Ω o )B+ (z, Ω o )

(23)

The filters B+(z) and B–(z) are all-pole filters which
means that their inverses are all-zero filters that are nonrecursive and stable. The difference equations are given
by:
forward (n increasing):
u[n] = out[n] + fd1 • out[n − 1] +
(24)
fd2 • out[n − 2] + fd3 • out[n − 3]
backward (n decreasing):
in[n] = (u[n] + bd1 • u[n + 1] +
bd2 • u[n + 2] + bd3 • u[n + 3]) / B

j2 Ωo

= b3 • e j3Ωo

5. The initialization
Let us assume that the one-dimensional signal that is
to be filtered is of length N, that is n = 1, 2,…,N. In the
forward (causal) direction it is important to use proper
values for the first three values of equation (17). These are
given by:
w[1]= w[2]= w[3]= in[1] (1+ fd1 + fd2 + fd3 ) (20)
The recursion then proceeds starting at n = 4. In the
backward (anti-causal) direction, it is equally important to
use proper values for the “first” three values of equation
(18). These are given by:
out[N] = out[ N -1]= out[N -2]=
(21)
B• w[N] (1+ bd1 + bd2 + bd3 )
The recursion then starts with n = N–3 and continues
to N = 1.

6. Results
The result of applying this algorithm to a simple
impulse input to achieve the discrete time equivalent of
equation (11), g[n], is shown in Figure 3 for several
values of Ω and σ.
The last example in Figure 3 shows an interesting
effect. The total signal width was N = 100 and σ was
20.0. For the impulse response to be sufficiently small,
we should be at or below the 3σ value at both ends of the
signal, that is, at n = 1 and n = N. This means that σ and
N should satisfy the constraint 6σ < N. This constraint is
not satisfied in the last example and that explains the
truncated ends of the Gaussian.

7. Inverse Filtering
Our procedure also admits a direct implementation of
the inverse transform. If the forward transform, represented by equations (17) and (18), is given (in the zdomain) by the equation:

(25)

8. The Recipe
Use of this recursive Gabor implementation then
becomes a matter of using the following “recipe”:
1. Choose σ and Ω o based upon the desired goal of
the filtering;
2. Use equation (16) to determine q;
3. Use equations (7) and (19) to determine the various
coefficients.
4. Use equations (20) and (21) to initialize the
procedure;
5. Apply the forward filter with equation (17);
6. Apply the backward filter with equation (18).

9. Conclusions
As equations (17) and (18) require a total of seven,
complex multiplies and six, complex additions for each
output point, the complexity of the algorithm for N input
data points is 7•k•N where k is the constant associated
with one complex MADD.
To conclude we show in Figure 4 the effect on two
images of Gabor filtering applied in several directions.
The two-dimensional Gabor filter kernel is defined as:
2
2
1
g x, y;σ x ,σ y , Ω x, Ω y =
e − x 2σ x •
2πσ xσ y
(26)

(

)

− x 2 2σ 2

(

j Ω x +Ω y

)

y
y
e
•e x
In the examples below we use σx = σy = σ. This filter
can then be applied at various orientations, θ, through
variation of the frequencies as Ω x = Ω o•cosθ and Ω y =
Ω o•sinθ. Automatic contrast scaling has been applied to
the resulting images.
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Figure 3: Complex impulse response g[n] and Fourier spectrum G(Ω) for various values of Ωo and
σ. Signal length is N = 100. Gaussian envelopes have been drawn for purposes of comparison.
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(a) Ω o and σ
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Figure 4: Gabor filtering of a real image produces a complex result. ( a ) Values of frequency Ωo and
Gaussian width σ; (b) Original image; ( c ) - ( e ) Absolute value of images processed at angles given.

